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Abstract. We study a many-body system of interacting fermionic atoms of two
species that are in thermodynamic equilibrium with their condensed heteronuclear
bound states (molecules). In order to describe such an equilibrium state, we use a
microscopic approach that involves the Bogoliubov model for a weakly interacting Bose
gas and approximate formulation of the second quantization method in the presence of
bound states of particles elaborated earlier by the authors. This microscopic approach
is valid at low temperatures, when the average kinetic energy of all the components in
the system is small in comparison with the bound state energy. The coupled equations,
which relate the chemical potentials of fermionic components and molecular condensate
density, are obtained within the proposed theory. At zero temperature, these equations
are analyzed both analytically and numerically, attracting the relevant experimental
data. We find the conditions at which a condensate of heteronuclear molecules coexists
in equilibrium with degenerate components of a Fermi gas. The ground state energy
and single-particle excitation spectrum are found. The boundaries of the applicability
of the developed microscopic approach are analyzed.
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1. Introduction
The study of the formation of diatomic molecules in ultracold dilute quantum gases
of bosonic and fermionic atoms has attracted much interest over the past years. Such
molecules, being weakly bound states of two atoms, can be produced through the single-
photon photoassociation of condensed atoms [1] or by two-photon stimulated Raman
transition [2]. However, a Feshbach resonance has been found to be the most powerful
2tool for controlling the interaction between atoms and creating the diatomic molecules
[3, 4].
The first experiments to produce the diatomic molecules were performed in dilute
single-species atomic gases. In particular, the homonuclear molecules 23Na2 [5] and
133Cs2 [6] formed from cold bosonic atoms were produced. These molecules are in highly
vibrationally excited states and usually undergo a fast decay over 10−4 s, whereas the
molecules 6Li2 [7, 8, 9], created from fermionic atoms in different internal states, exhibits
a sufficiently long lifetime, of the order of 1 s. As has been shown [10, 11], the long
lifetime of molecules consisting of fermionic atoms is a consequence of the manifestation
of Fermi statistics in the interaction of atoms that form a molecule.
Recently, interest has focused on the creation of molecules consisting of atoms of
different atomic species, or the so-called heteronuclear molecules. In particular, the
Bose-Bose [12, 13, 14, 15] and Bose-Fermi [16] molecules have been experimentally
realized. However, Fermi-Fermi heteronuclear molecules have attracted the most
interest, since they, as we have already mentioned, are expected to exhibit a sufficiently
long lifetime [10, 11]. The first such molecules with a lifetime more than 100 ms were
created in a dilute mixture of 6Li and 40K atoms [17]. In addition, the simultaneous
quantum degeneracy realized in a gas mixture consisting of 6Li and 173Yb fermionic
atoms gives the possibility of producing another kind of heteronuclear Fermi-Fermi
molecules [18]. The long lifetime of molecules consisting of fermionic atoms is a good
basis for achieving molecular Bose-Einstein condensation.
Theoretical descriptions of degenerate ultracold gases interacting through a
Feshbach resonance have been presented both for bosonic [19, 20, 21, 22] and fermionic
[23, 24, 25] atoms. However, the resonant fermionic gases have attracted much more
interest, since they demonstrate different regimes of a superfluid (superconducting)
phenomenon: condensation of Copper pairs (BCS state), Bose-Einstein condensation
of molecules (BEC state) [26, 27, 28], and BEC-BCS crossover [29, 30].
When we want to describe a many-body system of interacting fermionic atoms
and their diatomic bound states at the microscopic level, the inevitable question arises
as to in what way the characteristics of interactions of bound states are related to
those of original fermionic atoms. Such a problem has been studied on the basis of the
Schro¨dinger equation in [10, 11], where the authors managed to express the dimer-dimer
scattering length in terms of the scattering length of atoms with opposite spins. If such
dimers can be regarded as molecules, then the latter are extremely loose, because the
binding energy of dimers is very small and their size is close to the scattering length of
atoms.
Another approach to the problem, which develops an approximate second
quantization method in the presence of bound states of two different fermions has been
studied in [31]. The correct construction of such formulation of the second quantization
method is possible if the average kinetic energy of particles is small in comparison with
the energy of their bound states. The key problem of the developed formalism is to
introduce, in an appropriate way, the creation and annihilation operators of two-fermion
3bound state as the whole object and to preserve, at the same time, the information
regarding its quantum states. It is clear that in this case the size of the bound state
should be small compared with the scattering length. The elaborated method has
enabled the second quantized pair-interaction Hamiltonian to be obtained, in which
all the interaction amplitudes (or coupling constants) are expressed in terms of the
interaction amplitudes of original fermions, which form the bound states.
The results of the formulated approximate second quantization method have been
tested to study quantum-electrodynamic processes such as spontaneous emission of an
atom, scattering of photons and fermions by an atom, as well as to derive the expression
for the Wan der Waals forces [31]. They have also found application in the physics of
ultracold gases, in particular when studying slowing-down of light in an atomic Bose-
Einstein condensate [32, 33].
The present paper examines the Bose-Einstein condensation of ’stable’ diatomic
bound states or ’molecules’ formed from the fermionic atoms of two different species.
To the best of the authors’ knowledge, the formulation of the problem itself dealing with
existence of Bose condensed phase in such a system is novel. The stability of the bound
states is guaranteed by the smallness of the kinetic energy of atoms in comparison to
the energy of their bound states. In the following, we use the term ’bound states’ to
avoid the consideration of the structure of the real molecular spectrum that has a quite
complex structure. In this sense, the bound states represent the simplest model of a
molecule. It is worth stressing that we do not study a mechanism responsible for the
production of diatomic bound states but assume that, at certain conditions, they are
in thermodynamic equilibrium with unbound fermionic atoms. A starting point of our
work is the microscopic Hamiltonian described above [31] that specifies the interactions
of fermionic atoms with their bound states and between the bound states themselves.
Note that the interaction between all the components of the system should be weak
enough to ensure the stability of bound states in equilibrium (see section 4). This fact
allows us to apply the Bogoliubov microscopic model for a weakly interacting Bose
gas [34] to describe a condensate of bound states coupled to unbound fermionic atoms.
However, as we shall see below, the standard Bogoliubov model requires significant
modification for such a specific system.
2. Microscopic second quantized Hamiltonian for two species of fermions
and their heteronuclear bound states
Before starting to solve the declared problem, let us sketch out the basic aspects of
the above-mentioned formulation of an approximate second quantization method in the
presence of bound states of particles. It is well known that the second quantization
method is a powerful tool that is usually used to describe the physical processes in
quantum many-body systems. The particle creation and annihilation operators are
the key concept of this method since the operators of relevant physical quantities are
constructed in terms of them. Such a description is absolutely accurate at arbitrary
4interaction between the particles and implies that the particles are elementary objects,
i.e. not consisting of other particles.
However, the interparticle interaction may lead to the formation of bound states.
In this case, the standard exact formulation (in the sense mentioned above) of the
second quantization method becomes too cumbersome. Therefore, one might expect
that a consistent quantum-mechanical theory of many-body systems should involve
consideration of the ’elementary’ particles as well as the possible existence of their bound
states. Moreover, in this theory, it is necessary to define the creation and annihilation
operators of bound states as operators of elementary (not compound) objects and to
preserve, at the same time, the necessary information regarding the internal degrees of
freedom of bound states. It is clear that such a formulation of the second quantization
method is approximate in contrast to the standard exact formulation. In particular, it
can be realized when the bound state energy of compound particles is great compared
to the kinetic energy of original particles and results in the following second quantized
Hamiltonian [31]:
H = H0 + V, (1)
where H0 is the kinetic energy operator,
H0 =
2∑
i=1
1
2mi
∫
dx
∂χ†i (x)
∂x
∂χi(x)
∂x
+
∑
α
∫
dX
[ 1
2M
∂η†α(X)
∂X
∂ηα(X)
∂X
+ εαη
†
α(X)ηα(X)
]
. (2)
Here mi (i = 1, 2) is the mass of a fermionic atom of the first or second species, χ
†
i (x)
and χi(x) are the creation and annihilation operators, respectively, of these atoms at the
point x, M = m1 +m2 is the mass of a bound state (the bound states are formed from
the interspecies fermionic atoms), η†α(X), ηα(X) are the field creation and annihilation
operators of diatomic bound states at the point with a coordinate of the center of mass
X. The energy spectrum of a bound state εα is found from the Schro¨dinger equation[
− 1
2m∗
∆+ ν12(x)
]
φα(x) = εαφα(x), (3)
where m∗ = m1m2/(m1 +m2) is the reduced mass, ν12(x) is the interaction amplitude
between the fermionic atoms of the first and second species, and φα(x) is the wave
function of the bound state. The Greek index ’α’ is used to denote the whole set of the
quantum numbers, which specify a quantum-mechanical ’molecular’ state. The wave
functions are assumed to satisfy the orthonormality condition,∫
dxφα(x)φ
∗
β(x) = δαβ . (4)
The interaction Hamiltonian in Eq. (1) is represented as V = Vbb + Vff + Vbf with Vbb
being the interaction between the bound states,
Vbb =
1
2
∫
dx1
∫
dx2
∫
dy1
∫
dy2ϕ
†(x1,y1)ϕ
†(x2,y2)ϕ(x2,y2)ϕ(x1,y1)
5×
[
ν11(x1 − x2) + ν22(y1 − y2) + ν12(x1 − y2) + ν21(y1 − x2)
]
, (5)
where νij(x) are the interaction amplitudes of unbound fermionic atoms of the species
i and j (i, j = 1, 2) and
ϕ(x,y) ≡
∑
α
φα(x− y)ηα(X), X = m1x+m2y
m1 +m2
(6)
is different from zero when x ≈ y. The interaction of bound states with fermionic atoms
of both species is specified by the following operator:
Vbf =
∫
dx1
∫
dx2
∫
dy2ϕ
†(x2,y2)ϕ(x2,y2)
[
[ν11(x1 − x2) + ν21(x1 − y2)]χ†1(x1)χ1(x1)
+[ν22(x1 − y2) + ν12(x1 − x2)]χ†2(x1)χ2(x1)
]
. (7)
Finally, Vff , which characterizes the interaction between unbound atoms themselves,
has the form
Vff =
1
2
∫
dx1
∫
dx2
[
ν11(x1 − x2)χ†1(x1)χ†1(x2)χ1(x2)χ1(x1)
+ ν22(x1 − x2)χ†2(x1)χ†2(x2)χ2(x2)χ2(x1)
+ 2ν12(x1 − x2)χ†1(x1)χ1(x1)χ†2(x2)χ2(x2)
]
. (8)
Thus, all the interactions in which the bound states are involved are expressed
in terms of the interaction amplitudes νij(x) of original unbound fermionic atoms.
Moreover, the interaction Hamiltonian does not take into account the terms responsible
for the processes associated with conversion of atoms into a bound state, and its
reconversion to unbound atoms as it should be in the low-energy approximation.
Therefore, the bound states are absolutely stable in the leading approximation.
Below, we study Bose-Einstein condensation of heteronuclear bound states.
Therefore, it is convenient to write the Hamiltonian in the momentum representation,
since, according to Bogoliubov’s method [34], one needs to extract the condensate
amplitudes, i.e. to replace the corresponding bosonic creation and annihilation operators
with zero momentum by c – numbers. To this end, let us introduce the creation a†ip and
annihilation aip operators of fermionic atoms (index i denotes the atomic species) along
with creation b†αp and annihilation bαp operators of their diatomic bound states,
χi(x) =
1√
V
∑
p
eiqx/~aip, i = 1, 2,
ϕ(x1,y1) =
1√
V
∑
p,α
eipX/~φα(x1 − y1)bαp, (9)
where X = (m1x1 + m2y1)/(m1 + m2) is the center of mass coordinate and V is the
volume of the system. Then the kinetic energy operator given by Eq. (2) reads
H0 =
2∑
i=1
∑
p
p2
2mi
a†ipaip +
∑
p,α
[
p2
2M
+ εα
]
b†pαbpα. (10)
6The interaction Hamiltonian of bound states, according to Eq. (5), takes the form
Vbb =
1
2V
∑
p1...p4
gαδγβ(p14) b
†
p1α
b†p2βbp3γbp4δ δp1+p2,p3+p4 , (11)
where
gαδγβ(p14) = σ
(2)
αδ (p14)ν11(p14)σ
∗(2)
γβ (p14) + σ
∗(1)
δα (p14)ν22(p14)σ
(1)
βγ (p14)
+σ
(2)
αδ (p14)ν12(p14)σ
(1)
βγ (p14) + σ
∗(1)
δα (p14)ν21(p14)σ
∗(2)
γβ (p14) (12)
and
σ
(i)
αβ(p) =
∫
dxφ∗α(x)φβ(x) exp
[
ipx
mi
~M
]
, i = 1, 2. (13)
Here pij ≡ pi − pj and νij(pij) = νij(pji). In Eq. (11) and below we assume the
summation over the repeated Greek indices, which denote the quantum-mechanical
’molecular’ state. Since the interaction amplitude gαδγβ(p14) meets the relationship
gαδγβ(p14) = g
∗
δαβγ(p41), which is valid due to the evident property σ
(i)
αβ(p) = σ
∗(i)
βα (−p),
Vbb is the Hermitian operator. The interaction of bound states with unbound fermionic
atoms, given by Eq. (7), is also expressed through σ
(i)
αβ(p),
Vbf =
1
V
∑
p1...p4
vαβ(p21) b
†
p1αbp2βa
†
1p3a1p4 δp2−p1,p3−p4
+
1
V
∑
p1...p4
uαβ(p21) b
†
p1α
bp2βa
†
2p3a2p4 δp2−p1,p3−p4, (14)
where
vαβ(p21) = ν11(p21)σ
∗(2)
βα (p21) + ν21(p21)σ
(1)
αβ (p21),
uαβ(p21) = ν22(p21)σ
(1)
αβ (p21) + ν12(p21)σ
∗(2)
βα (p21). (15)
Using the above property of σ
(i)
αβ(p), one can show that Vbf is also the Hermitian operator.
Finally, the interaction Hamiltonian of fermionic atoms of both species, according to Eq.
(8), is given by
Vff =
1
2V
∑
p1...p4
ν11(p14) a
†
1p1a
†
1p2a1p3a1p4 δp1+p2,p3+p4
+
1
2V
∑
p1...p4
ν22(p14) a
†
2p1a
†
2p2a2p3a2p4 δp1+p2,p3+p4
+
1
V
∑
p1...p4
ν12(p12) a
†
1p1
a1p2a
†
2p3
a2p4 δp1−p2,p4−p3 . (16)
To conclude this section, note that the necessity to take into account both
compound and elementary particles in the system is a typical problem, which occurs,
e.g., when studying the interaction of radiation with matter consisting of neutral atoms
or molecules in the ground or excited states. In this case, one needs to take into
account the internal structure of atoms and molecules preserving, at the same time,
the convenience and simplicity of the second quantization method. Such a situation
7also occurs when attempting to describe the experiments on laser cooling of atoms or
when studying the chemical reactions in quantum chemistry. Below, we apply the above
Hamiltonian to examine Bose-Einstein condensation of diatomic heteronuclear bound
states, which are formed from interspecies fermionic atoms. These atoms are assumed
to be in the given spin states so that we do not consider the interactions that affect the
spin degrees of freedom.
3. Generalized Bogoliubov model
Consider a many-body system of interacting two-species fermionic atoms. Suppose that
the interaction between them leads to the formation of heteronuclear diatomic bound
states, which are Bose condensed at ultralow temperatures. It is worth stressing that
we do not study a mechanism responsible for the formation of bound states but assume
that at certain conditions the existing bound states are in thermodynamic equilibrium
with unbound fermionic atoms. In order to describe such a system, we address the
Hamiltonian given by Eqs. (10)-(16). As has been already noted, it is obtained from
the microscopic pair-interaction Hamiltonian of original two-species fermionic atoms
and is expressed through the amplitudes νij(p) of their interaction. In experiments on
the creation of ultracold heteronuclear molecules, the fermionic atoms of both species
are prepared in pure quantum states |1〉 and |2〉, respectively. For example, in the case
of 6Li–40K molecules, the states of fermionic atoms are K|F = 9/2, mF = −5/2〉 and
Li|F = 1/2, mF = 1/2〉, where F and mF are the total spin and its projection [17].
Therefore, we assume that the fermionic atoms are characterized by the energy levels
ε1 and ε2. Their bound states are also in a given internal state with energy ε. Then the
Hamiltonian represented in the preceding section is reduced to a more simple form,
H = H0 + V, (17)
where
H0 =
∑
p
[
p2
2M
+ ε
]
b†pbp +
∑
i,p
[
p2
2mi
+ εi
]
a†ipaip, i = 1, 2. (18)
The interaction Hamiltonian, as previously, is given by V = Vbb + Vbf + Vff , where
Vbb =
1
2V
∑
p1...p4
g(p14) b
†
p1
b†p2bp3bp4 δp1+p2,p3+p4 , (19)
with the interaction amplitude
g(p14) = σ
(2)(p14)ν11(p14)σ
∗(2)(p14) + σ
∗(1)(p14)ν22(p14)σ
(1)(p14)
+σ(2)(p14)ν12(p14)σ
(1)(p14) + σ
∗(1)(p14)ν21(p14)σ
∗(2)(p14) (20)
and
σ(i)(p) =
∫
dxφ∗(x)φ(x) exp
[
ipx
mi
~M
]
. (21)
8The operator Vbf (see Eq. (14)) describing the interaction of bound states with fermionic
atoms is written as follows:
Vbf =
1
V
∑
p1...p4
v(p21) b
†
p1
bp2a
†
1p3a1p4 δp2−p1,p3−p4
+
1
V
∑
p1...p4
u(p21) b
†
p1
bp2a
†
2p3
a2p4 δp2−p1,p3−p4 , (22)
where
v(p21) = ν11(p21)σ
∗(2)(p21) + ν21(p21)σ
(1)(p21),
u(p21) = ν22(p21)σ
(1)(p21) + ν12(p21)σ
∗(2)(p21). (23)
The operator Vff , as before, is given by Eq. (16).
We now define the total particle number operator. Since each diatomic bound
state contains only two interspecies fermionic atoms, the total particle number operator
is written in the form,
N = N1 +N2, Ni =
∑
p
a†ipaip +
∑
p
b†pbp, i = 1, 2. (24)
Note that the above Hamiltonian considers the bound states as stable and does not take
into account the processes associated with conversion of atoms into a bound state and
its reconversion to unbound fermionic atoms, so that we have [H,Ni] = 0. Therefore,
the total number of atoms of both components is conserved. Since the operator of the
total bound state number Nb =
∑
p6=0 b
†
pbp commutes with the Hamiltonian, it would
seem, from the mathematical point of view, that Nb should be treated on an equal
footing with Ni. However, it is worth stressing that only Ni can be specified arbitrary
in the state of statistical equilibrium. Due to this fact, all thermodynamic characteristics
of the system, including the numbers of bound states and unbound fermionic atoms,
should be expressed in terms of Ni and temperature T . Hence, in spite of the fact
that [Nb, H ] = 0, the total bound state number is not conserved when thermodynamic
characteristics of the system (e.g., temperature) are varied. From the physical point of
view, this is a difference between the total number of fermionic atoms of both species and
total numbers of bound states as well as unbound fermions. Such a situation is typical
in the theory of chemical reactions, when a system consists of two reagents and one
product of reaction (see, e.g., [42]). Therefore, regardless of the character of interaction,
in order to describe the system in the grand canonical ensemble, one needs to introduce
only two Lagrange multipliers or two chemical potentials µ1 and µ2 associated with
conserved quantities N1 and N2, so that
µ1N1+µ2N2 = µ
∑
p
b†pbp+µ1
∑
p
a†1pa1p+µ2
∑
p
a†2pa2p, µ = µ1+µ2.(25)
As we see, the chemical potential µ associated with bound states is expressed in terms of
the chemical potentials of independent fermionic components, which is a consequence of
the so-called Gibbs rule. For this reason, the system under consideration differs from the
9ordinary three-component system whose description requires introducing three chemical
potentials.
Suppose the temperature of the system is so low that the bound states are Bose
condensed. This means that their number with zero momentum is a macroscopic value,
i.e. it is proportional to the volume of the system, N0 = 〈b†0b0〉 ∼ V , where 〈...〉 denotes
the averaging with equilibrium statistical operator. If one introduces the operators
β0 = b0/
√
V and β†0 = b
†
0/
√
V so that 〈β†0β0〉 ∼ 1, they satisfy the commutation
relations [β0, β
†
0] = 1/V and [β0, b
†
p6=0] = 0. Therefore, as V →∞, the quantities β0, β†0,
and, consequently, b0, b
†
0 behave as c – numbers, which are different from zero. Such a
treatment of the condensate particles was presented by Bogoliubov when constructing
the special perturbative approach for a weakly interacting Bose gas with condensate
[34]. More rigorous justification of this treatment can be given using the Bogoliubov
quasi-average concept and the principle of spatial correlation weakening [35]. Therefore,
b†0 and b0 are replaced by N
1/2
0 in all operators of relevant physical quantities, where
N0 is the number of diatomic bound states with momentum p = 0. This replacement
results in the following expression for the kinetic energy operator (see Eq. (18)):
H0(N0) = εN0 +
∑
p6=0
[
p2
2M
+ ε
]
b†pbp +
∑
i,p
[
p2
2mi
+ εi
]
a†ipaip. (26)
In a similar manner, the interaction Hamiltonian V = Vbb + Vbf + Vff is reduced to
V (N0) = f(N0) +
∂f(N0)
∂N0
N ′b +N0V
(2) +N
1/2
0 V
(3) + V (4), (27)
where
f(N0) =
1
2V
g(0)N20 , N
′
b =
∑
p6=0
b†pbp. (28)
The operator V (2), quadratic in creation and annihilation operators of bosons and
fermions, has the form
V (2) =
1
V
∑
p6=0
g(p)b†pbp +
1
2V
∑
p6=0
g(p)
[
b†pb
†
−p + bpb−p
]
+
1
V
∑
p
v(0)a†1pa1p +
1
V
∑
p
u(0)a†2pa2p. (29)
The operators V (3) and V (4) are given by
V (3) =
1
V
∑
p1 6=0,p2,p3
[
v(p1) bp1a
†
1p2
a1p3δp1,p2−p3 + v(−p1) b†p1a†1p2a1p3δ−p1,p2−p3
]
+
1
V
∑
p1 6=0,p2,p3
[
u(p1) bp1a
†
2p2
a2p3δp1,p2−p3 + u(−p1) b†p1a†2p2a2p3δ−p1,p2−p3
]
+
1
V
∑
p1...p3 6=0
g(p13)
[
b†p1bp2bp3δp1,p2+p3 + b
†
p1
b†p2bp3δp1+p2,p3
]
(30)
10
and
V (4) =
1
2V
∑
p1...p4 6=0
g(p14) b
†
p1
b†p2bp3bp4 δp1+p2,p3+p4
+
1
V
∑
p1,p2 6=0,p3,p4
b†p1bp2
[
a†1p3a1p4v(p21) + a
†
2p3
a2p4u(p21)
]
δp2−p1,p3−p4
+
1
2V
∑
p1...p4
a†1p1a
†
1p2a1p3a1p4ν11(p14) δp1+p2,p3+p4
+
1
2V
∑
p1...p4
a†2p1a
†
2p2a2p3a2p4ν22(p14) δp1+p2,p3+p4
+
1
V
∑
p1...p4
a†1p1a1p2a
†
2p3a2p4ν12(p12) δp1−p2,p4−p3 . (31)
The same replacement, b0, b
†
0 → N1/20 , should also be performed in Eq. (25). Then,
the Gibbs statistical operator corresponding to the grand canonical ensemble takes the
form
w(N0) = exp [Ω− β(H(N0)− µN0 − µN ′b − µ1N ′1 − µ2N ′2)] , (32)
where H(N0) = H0(N0) + V (N0) and N
′
i is the number of unbound fermionic atoms of
the first or second species,
N ′i =
∑
p
a†ipaip, i = 1, 2. (33)
The grand thermodynamic potential Ω as a function of reciprocal temperature β = 1/T ,
chemical potentials µ1 and µ2, and number of condensed bound states N0 is found from
the normalization condition Spw(N0) = 1, where the trace is taken in the space of
occupation numbers of bosons with momentum p 6= 0 and fermions with all possible
values of momentum. Taking into account Eq. (32) and normalization condition, one
obtains
∂Ω
∂N0
= −β
[
µ− ε− Spw(N0)∂V (N0)
∂N0
]
, µ = µ1 + µ2.
Using the Bogoliubov method of quasi-averages [36, 37, 35], which was elaborated for
describing the systems with spontaneously broken symmetries, one can prove, in a
mathematically rigorous way, that the expression in square brackets vanishes [35], so
that N0 is found from the minimum condition for thermodynamic potential,
Spw(N0)
∂V (N0)
∂N0
+ ε− µ = 0. (34)
Here the chemical potential µ should be expressed in terms of N1 and N2 and,
consequently, the number of condensed bound states is determined by the numbers
of fermionic atoms of both species and temperature, N0 = N0(N1, N2, T ).
It is worth stressing that all the found relationships, including Eq. (34), are exact.
When obtaining them, we have only used the replacement of corresponding operators
by c – numbers and have not developed any perturbative approach. Recall that, along
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with low temperatures, the interaction between all the components of the system should
be weak enough to ensure the stability of the bound states in equilibrium (see estimates
in section 4). Then N0/V is a large parameter, since when g(p) → 0 and T → 0, all
the bound states are Bose condensed. Thus, in Eq. (27), f(N0) is the largest term
and the next ones in order of magnitude are [∂f/∂N0]N
′
b and N0V
(2). We neglect two
other terms N
1/2
0 V
(3) and V (4), in Eq. (27), which must be taken into account when
describing the interaction effects between quasi-particles. The role of these terms within
the developed perturbative approach is discussed in the section 4. Therefore, replacing
V (N0) with f(N0), one obtains from Eq. (34) the following equation:
µ ≈ ε+ ∂f(N0)
∂N0
= ε+
g(0)N0
V
, µ = µ1 + µ2. (35)
This provides a relation between µ and N0 in the leading approximation. Next, retaining
the terms up to N0V
(2) in Eq. (27), and eliminating µ given by Eq. (35), one finds the
following Gibbs statistical operator (see Eq. (32)):
w(N0) ≈ w(2)(N0) = exp
[
Ω0 − βH (2)(N0)
]
, (36)
where
H
(2)(N0) = −f(N0) +
∑
p6=0
[
p2
2M
+
g(p)N0
V
]
b†pbp +
N0
2V
∑
p6=0
g(p)
[
b†pb
†
−p + bpb−p
]
+
∑
i,p
[
p2
2mi
− µ˜i
]
a†ipaip, i = 1, 2, (37)
and
µ˜1 = µ1 − ε1 − v(0)N0
V
, µ˜2 = µ2 − ε2 − u(0)N0
V
. (38)
The grand thermodynamic potential Ω0 in Eq. (36) is found from the normalization
condition Spw0(N0) = 1. Note that Ω in Eq. (32) coincides with Ω0 in the
approximation under consideration. The operator H (2)(N0) consists of bosonic and
fermionic parts with respect to creation and annihilation operators. The fermionic part
has a diagonal form, whereas the bosonic part should be diagonalized.
To this end, we introduce the unitary transformation U (UU † = 1) that acts on
bosonic operators and does not affect the fermionic operators. This transformation
reduces H (2)(N0) to the following diagonal form:
UH (2)(N0)U
† = −f(N0) +
∑
p6=0
ωpb
†
pbp +
∑
i,p
[
p2
2mi
− µ˜i
]
a†ipaip, (39)
where ωp is the single-particle excitation spectrum. For the diagonalization of H
(2)(N0),
it is sufficient to restrict ourselves to unitary operators U , which mix up the operators
b†−p and bp:
Ub†pU
† = Upb
†
p + Vpb−p, UbpU
† = Upbp + Vpb
†
−p. (40)
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These new operators must satisfy the bosonic commutation relation. This requirement
results in the following well-known relationships for Up and Vp:
U
2
p − V 2p = 1, UpV−p − VpU−p = 0. (41)
Next, performing the standard diagonalization procedure [34], one finds the quasi-
particle spectrum,
ωp =
[( p2
2M
)2
+
p2
M
g(p)n0
]1/2
, (42)
as well as the functions Up and Vp, which define the unitary transformation U ,
U
2
p =
[p2/2M + g(p)n0 + ωp]
2
[p2/2M + g(p)n0 + ωp]2 − g2(p)n20
,
V
2
p =
g2(p)n20
2ωp[p2/2M + g(p)n0 + ωp]
, (43)
where n0 = N0/V is the density of the condensed bound states. The form of the
spectrum given by Eq. (42) coincides with that obtained by Bogoliubov within the
model for a weakly interacting Bose gas [34]. However, it has some specific features. It
particular, according to Eq. (20), the interaction amplitude g(p) is expressed through
the interactions of unbound fermionic atoms and wave functions of the bound states.
Moreover, the condensate density n0, given by Eq. (35), depends on the densities
of fermionic atoms of both species. Note that if the Hamiltonian contains the terms
describing the conversion of two atoms into a bound state and its reconversion to
unbound atoms, then the single-particle spectrum may exhibit a gap, at least for a
pure bosonic system [22, 38].
Thus, the unitary transformation given by Eqs. (40) reduces the Gibbs statistical
operator (36) to the diagonal form,
Uw(2)(N0)U
† = exp
{
Ω˜0 − β
∑
p6=0
ωpb
†
pbp − β
∑
i,p
[
p2
2mi
− µ˜i
]
a†ipaip
}
,(44)
where Ω˜0 = Ω0 − βf(N0). This statistical operator allows one to find the average
values of physical quantities. The energy of the system corresponding to the quadratic
approximation of Hamiltonian is
E = Spw(2)(N0)H
(2)(N0) = SpUw
(2)(N0)U
†UH(2)(N0)U
†, (45)
where H(2)(N0) is a true Hamiltonian related to H
(2)(N0) by
H(2)(N0) = H
(2)(N0)|µ1=µ2=0 + εN0 +
g(0)N20
V
. (46)
It is diagonalized by the same unitary transformation and its bosonic part coincides
with the Hamiltonian obtained in [34]. The trace in Eq. (45) can be easily computed.
In the next section we provide the corresponding result for the ground state energy,
when the trace is computed at zero temperature.
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Let us find the explicit expressions for the total number of fermionic atoms of both
species. To this end, we address Eq. (24), which gives
Ni = N0 +
∑
p6=0
Spw(2)(N0) b
†
pbp +
∑
p
Spw(2)(N0) a
†
ipaip.
Performing here the unitary transformation under the spur sign and using Eqs. (40),
(41), (44), one obtains
Ni = N0 +
∑
p6=0
[
(2U 2p − 1)fbp + U 2p − 1
]
+
∑
p
fip, (47)
where
fbp =
1
eβωp − 1 , fip =
1
eβ[(p2/2mi)−µ˜i] + 1
. (48)
In thermodynamic equilibrium, Eqs. (47), (48) provide the relationship between the
numbers of bound states and unbound fermionic atoms if the temperature T and total
number of fermions Ni are given. If one changes the temperature, after a relaxation
time, the system comes to another equilibrium state with other numbers of unbound
fermions and bound states but with the same values of Ni. In this sense, as discussed
above in this section, the number of bound states (and also unbound fermions) is not
a conserved quantity at any temperature in spite of the fact that the corresponding
operators commute with the Hamiltonian. Using now Eq. (43) to eliminate Up and
replacing summation with integration, we have
Ni = N0 +
V
2π2~3
(Ii1 + I2 + I3), i = 1, 2, (49)
where
Ii1 =
∫ ∞
0
dp p2
1
eβ(p2/2mi−µ˜i) + 1
, (50)
I2 =
1
2
∫ ∞
0
dp p2
g2(p)n20
ωp[p2/2M + g(p)n0 + ωp]
, (51)
I3 =
1
2
∫ ∞
0
dp p2
1
eβωp − 1
[p2/2M + g(p)n0 + ωp]
2 + g(p)n0
ωp[p2/2M + g(p)n0 + ωp]
. (52)
So far we have not specified the form of the interaction between the atoms and
their bound states. In this sense, the obtained results are general. However, to perform
concrete calculations we should specify the interaction between atoms. For ultracold
dilute gases, the simplest way is to consider the elastic scattering of slow atoms, when
their interactions are characterized by the corresponding scattering lengths [39, 40]. We
assume that such treatment of interactions is acceptable for our problem, i.e. when
p → 0, all the interaction amplitudes νij(p) tend to their constant values, which are
expressed through the scattering lengths,
ν11 =
4π~2
m1
a11, ν22 =
4π~2
m2
a22, ν12 =
2π~2
m∗
a12, (53)
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where m∗ = m1m2/(m1+m2) is the reduced mass. Moreover, the amplitude g(p), given
by Eq. (20), does not depend on momentum, since σ(p) → 1 when p → 0 (see Eq.
(21)). It is expressed through the scattering lengths aij (a12 = a21),
g = 4π~2
[
a11
m1
+
a22
m2
+
(m1 +m2)
m1m2
a12
]
. (54)
In a similar manner, Eqs. (23) give
v = 4π~2
[
a11
m1
+
(m1 +m2)
m1m2
a21
2
]
,
u = 4π~2
[
a22
m2
+
(m1 +m2)
m1m2
a12
2
]
, (55)
and u + v = g. In the subsequent analysis, we assume that all interactions are
characterized by the scattering lengths. It is worth stressing that the replacement
of real interaction potentials by their constant values (or by scattering lengths) is
a not so ”inoffensive” approximation. As for the generality of a theory, we lose
the information regarding the microscopic characteristics of the system: the effect of
the bound state wave function on the character of interaction between heteronuclear
’molecules’ is neglected (compare Eqs. (20), (21) with (54)). At the same time, Eqs.
(20), (21) show that this effect can be significant. In addition, the above-mentioned
approximation results in divergences of integrals in the ground state energy so that it
is necessary to use the renormalization of the coupling constant (see, e.g., [39, 41] and
next section). However, to estimate the losses associated with the approximation under
consideration, one needs to solve the declared problem with more realistic interaction
potentials between fermions and then to compare the results with those obtained in
this work. The realization of such a procedure represents a quite complicated separate
problem which, can be solved employing complex numerical methods.
Note that the low-energy collisions of fermionic atoms can be described by s –
wave scattering length only if they scatter in different internal (spin) states. However,
in experiments with heteronuclear molecules, each of the two fermionic components is
polarized in some internal state. For example, as was already mentioned, when creating
6Li–40K molecules [17], the fermionic atoms are prepared in the states K|F = 9/2, mF =
−5/2〉 and Li|F = 1/2, mF = 1/2〉, where F andmF are the total spin and its projection,
respectively. The internal energies ε1 and ε2 introduced above correspond to such states.
Therefore, due to Fermi statistics, two atoms from the same component must scatter
with odd values of the angular momentum. Hence, their collisions should be described,
at least, by p – wave scattering, whose contribution to the scattering amplitude is small
for low-energy atoms. For this reason, below we neglect the quantities ν11 and ν22, while
the interspecies atomic interaction is described by s – wave scattering length a12. Thus,
Eqs. (54), (55) give
g ≡ 4π~
2
M
ab, ab =
(m1 +m2)
2
m1m2
a12, (56)
u = v =
g
2
, (57)
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where ab – is the scattering length of the bound states. For m1 ≪ m2, one finds
ab ≈
(
2 +
m2
m1
)
a12, m1 ≪ m2. (58)
Equation (58) yields that ab ≫ a12. This fact allows one to conclude that the range
of the bound states is much smaller than their scattering length. Indeed, even if one
considers that the range of the bound states is of the order of the range of potential
characterized by the scattering length a12, one can easily find that ab is much larger
than the range of the bound state. Below we analyze the basic equations using the data
for a degenerate mixture of 6Li and 173Yb atoms [18]. In this case m1 ≪ m2 and Eq.
(58) is valid. Note that even for 6Li–40K molecules [17], Eq. (58) can be considered to
be true since m2/m1 ≈ 6.7.
We now focus on integrals entering Eq. (49) for the total number of fermionic atoms
of both species. The integral given by Eq. (51) is independent of temperature and can
be computed exactly. To calculate the integral given by Eq. (50), let us consider the
temperatures at which both components of fermionic atoms are degenerate, i.e. when
the conditions µ˜i/T ≫ 1 are satisfied. In this case we can apply the low-temperature
expansion, which is used, e.g., when calculating the heat capacity of degenerate electron
gas [42]. Finally, the integral given by Eq. (52) can be easily computed when gn0/T ≫ 1.
Therefore, the result of computations reads
Ii1 ≈ 1
3
(2miµ˜i)
3/2 +
π2
6
√
2
m
3/2
i
√
µ˜iT
2,
µ˜i
T
≫ 1, (59)
I2 =
2
3
(Mgn0)
3/2, (60)
I3 ≈ π
2
6
M3/2√
gn0
T 2,
gn0
T
≫ 1. (61)
The computed integrals, along with Eq. (49), allow one to express the chemical
potentials µ1 and µ2 through N1 and N2, respectively.
4. Zero temperature
An approximate second quantization method, which is based on replacement of creation
and annihilation operators with zero momentum by c – numbers, implies the condensate
density of bound states is different from zero. In particular, in the original Bogoliubov
theory [34], the number of condensed atoms is close to their total number. However,
this original theory cannot predict the lower and upper values of the condensate density.
Because of the presence of fermionic atoms in the system, the proposed theory makes it
possible to carry out such estimates, at least at zero temperature. So far, in Eq. (27), we
have taken into account the terms up to N0V
(2) inclusive, and neglected N
1/2
0 V
(3) and
V (4), which describe the interaction between quasi-particles. The ground state energy
corresponding to the quadratic Hamiltonian can be computed from Eq. (45). However,
to estimate the variation range of n0 at fixed densities of fermionic atoms, we take into
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account the term V (4) given by Eq. (31). It is evident that Spw(2)(N0)V
(3) = 0. Thus,
the ground state energy is written as
E0 = E
(0)
0 + E
(2)
0 + E
(4)
0 . (62)
Here E
(0)
0 is a c – number part of the Hamiltonian,
E
(0)
0 = −|ε|n0 +
gn20
2
. (63)
Two other terms represent the computed traces (at zero temperature) for the quadratic
part of the Hamiltonian given by Eq. (46) and for V (4), respectively. Taking into account
Eq. (57) these terms are found to be
E
(2)
0 = −
1
2V
∑
p6=0
[
p2
2M
+ gn0 − ωp
]
+
3
10
(6π2)2/3
~
2
m1
n′1
5/3
−
(
|ε1| − g
2
n0
)
n′1 +
3
10
(6π2)2/3
~
2
m2
n′2
5/3 −
(
|ε2| − g
2
n0
)
n′2 (64)
and
E
(4)
0 =
g
2V 2
∑
p,p′ 6=0
gn0
2ωp
gn0
2ωp′
+
gn′1
2
(Mgn0)
3/2
3π2~3
+
gn′2
2
(Mgn0)
3/2
3π2~3
+ ν12n
′
1n
′
2 + g
(Mgn0)
3
(3π2~3)2
. (65)
We have employed the fact that at zero temperature, fbp = 0 and fip = θ(piF − p),
where θ(p) is the Heaviside step function and piF is the Fermi momentum related to
the density of unbound fermions n′i by piF = (6π
2)1/3n′i
1/3
~. All the internal energies
are assumed to be negative, ε1, ε2, ε < 0. When computing E
(4)
0 , we have used the
well-known Wick-Bloch-De Dominicis theorem [43, 44] as well as the explicit form of
Up and Vp including the relations:
Vp = − gn0
p2/2M + gn0 + ωp
Up, VpUp = − gn0
2ωp
.
As one can see, Eqs. (64), (65) contain two sums in which the expressions have the
following asymptotic behavior for large values of momentum:
p2
2M
+ gn0 − ωp → Mg
2n20
p2
, p→∞,
gn0
2ωp
→ Mgn0
p2
, p→∞.
Therefore, the corresponding integrals diverge at the upper limit since the change to
integration gives a factor p2dp. As we have noted, the divergences are associated with the
fact that we have replaced the function g(p) that characterizes the interaction between
the bound states by the coupling constant g. Indeed, such a replacement is valid only
for small momenta but not for computing high-momentum processes. The difficulty is
overcome by renormalization of the coupling constant g in the leading term E
(0)
0 ,
g → g + g
2
V
∑
p6=0
M
p2
− g
3
V 2
∑
p,p′ 6=0
[
M
2ωpp ′2
+
M
2ωp′p2
− M
2
p2p ′2
]
. (66)
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Then, the corresponding integrals can be easily computed. The results are
E
(2)
0 =
8
15
gn0
π2~3
(Mgn0)
3/2 +
3
10
(6π2)2/3
~
2
m1
n′1
5/3 −
(
|ε1| − g
2
n0
)
n′1
+
3
10
(6π2)2/3
~
2
m2
n′2
5/3 −
(
|ε2| − g
2
n0
)
n′2 (67)
and
E
(4)
0 =
11
18
g
(π2~3)2
(Mgn0)
3 +
g
2
(Mgn0)
3/2
3π2~3
(n′1 + n
′
2) + ν12n
′
1n
′
2. (68)
If one ignores the terms associated with fermions and E
(4)
0 , then E0 ≈ E (0)0 + E (2)0 is the
ground state energy density found by Lee and Yang [45] (see also [46]). However, in
our case, the condensate density n0 is expressed through the total densities of fermionic
atoms n1 and n2. It is evident that the following inequalities
|E (4)0 | ≪ |E (2)0 | ≪ |E (0)0 | (69)
represent the conditions of applicability of the theory under consideration. As we see
below, they allow one to obtain the numerical estimates of the lower and upper values
of n0.
At zero temperature, the densities of fermionic atoms, according to Eqs. (49),
(59)-(61), are given by
ni = n0 + n˜ + n
′
i, (70)
n˜ =
1
3π2~3
(Mgn0)
3/2, n′i =
1
6π2~3
(2miµ˜i)
3/2, (71)
where n˜ is the density of non-condensate bound states describing the quantum depletion
of a condensate and n′i are the densities of unbound fermionic atoms. The chemical
potential µ˜i coincides with the Fermi energy. From Eqs. (70) and (71), one obtains
µ˜i = εiF =
(3π2~3)2/3
21/3mi
[
ni − n0 − (Mgn0)
3/2
3π2~3
]2/3
. (72)
Next, Eqs. (38) allow us to write the basic Eq. (35) for the condensate density in the
form
(3π2~3)2/3
21/3m1
[
n1 − n0 − (Mgn0)
3/2
3π2~3
]2/3
+
(3π2~3)2/3
21/3m2
[
n2 − n0 − (Mgn0)
3/2
3π2~3
]2/3
− ǫt = 0, (73)
where
ǫt = ε− ε1 − ε2 = |ε1|+ |ε2| − |ε| > 0. (74)
Equation (73) gives the equilibrium condensate density of diatomic bound states at zero
temperature and fixed densities n1, n2 of fermionic atoms. In principle, the bound state
energy ε should be found from the Schro¨dinger equation for two atoms (see Eq. (3)).
In order to analyze Eq. (73) numerically, we address the experimental data.
The experiments with ultracold atomic gases are usually carried out at densities
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n ∼ 1012 − 1013 cm−3. To be concrete, let us consider a mixture of 6Li and 173Yb
atoms with masses m1 ≈ 9.985 · 10−24 g and m2 ≈ 2.871 · 10−22 g, respectively. The
simultaneous quantum degeneracy of such a mixture was experimentally realized in Ref.
[18]. As has been noted by the authors, it provides a good basis for creating ultracold
molecules. In the same work, the absolute value of the s-wave scattering length for a
collision of 6Li and 173Yb atoms has also been measured, |a12| ≈ 0.9 · 10−7 cm. The
mass of the 6Li–173Yb bound states is equal to M ≈ 2.971 · 10−22 g, while the reduced
mass is m∗ ≈ 9.65 · 10−24 g. The interaction between the bound states is described by
the coupling constant, which, in accordance with Eq. (56), has a value g ≈ 1.30 · 10−37
erg· cm3. Note that the positive value of g guarantees the stability of the spectrum
given by Eq. (42). At the above given values of physical parameters, Eq. (73) has a
solution when the energy ǫt ∼ 10−23 − 10−22 erg (see Eq. (74)). It is worth stressing
that this order of magnitude agrees with the typical values of the bound state energies ε
for molecules observed experimentally in ultracold dilute gases [3, 4]. Since the absolute
value of the bound state energy of some molecules can be much higher, ε ∼ 10−18 erg (or
ε ∼ 1 GHz) [17], the corresponding fermionic atoms with energies ε1 and ε2, according
to Eq. (74), are in highly excited states.
Symmetric case. Consider the case of equal densities of fermionic atoms,
n1 = n2 = n. Then, Eq. (73) takes the form
(3π2~3)2/3
21/3m∗
[
n− n0 − (Mgn0)
3/2
3π2~3
]2/3
− ǫt = 0, m∗ = m1m2
m1 +m2
. (75)
From Eq. (75), one finds the density of unbound fermionic atoms,
n′ =
√
2(m∗ǫt)
3/2
3π2~3
. (76)
Note that Eq. (75) is equivalent to Eqs. (70) and (71) when n1 = n2 = n. Equations
(72) and (75) give a relationship between the Fermi energies and parameter ǫt,
εiF =
m∗
mi
ǫt.
The ground state energy density is given by Eq. (62), in which
E
(0)
0 = −|ε|n0 +
gn20
2
, (77)
E
(2)
0 =
8
15
gn0
π2~3
(Mgn0)
3/2 +
3
10
(6π2)2/3
~
2
m∗
n′
5/3 − (|ε1|+ |ε2| − gn0)n′,(78)
E
(4)
0 =
11
18
g
(π2~3)2
(Mgn0)
3 +
gn′
3π2~3
(Mgn0)
3/2 + ν12n
′2. (79)
Now we present the numerical analysis of Eq. (75), (77)-(79) at the above given
values of the physical parameters. The top panel of Fig. 1 shows the dependencies of
the condensate density n0, density of unbound fermionic atoms n
′, and non-condensate
density n˜ (the quantum depletion of a condensate) on ǫt at the fixed total density
n = 6.6 · 1012 cm−3. All these quantities enter the ground state energy and, therefore,
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Figure 1. Top panel: the dependencies of the condensate density n0, density of
unbound fermionic atoms n′, and non-condensate density of bound states n˜ (quantum
depletion) on the parameter ǫt at the total density n = 6.6 · 1012 cm−3 (symmetric
case). Bottom panel: Extracting the interval of ǫt in which the developed perturbative
approach is valid (in accordance with Eqs. (69) and (77)-(79)). The corresponding
unshaded regions specify the lower and upper values of the condensate density.
their values must be such that they satisfy the inequalities given by Eq. (69). As
mentioned, these inequalities define the boundaries of the developed perturbative
approach and allow one to estimate the lower and upper values of the condensate density
n0 at the given total density of fermionic atoms. In order to solve such a problem, we
plot the dependencies of log
∣∣∣E (0)0 /E (2)0 ∣∣∣ and log ∣∣∣E (2)0 /E (4)0 ∣∣∣ on ǫt in the bottom panel.
They are plotted at the same total density n and in the same interval of ǫt as in the
top panel. We assume that the inequalities are a fortiori satisfied when
∣∣∣E (0)0 ∣∣∣ and∣∣∣E (2)0 ∣∣∣ as well as ∣∣∣E (2)0 ∣∣∣ and ∣∣∣E (4)0 ∣∣∣ differ at least by one order of magnitude, so that∣∣∣E (0)0 /E (2)0 ∣∣∣ ∼ ∣∣∣E (2)0 /E (4)0 ∣∣∣ ∼ 10 (the same assumption is used below when analyzing the
asymmetric case, see Fig. 2). Therefore, the inequalities given by Eq. (69) are true
only in those regions where both curves remain above unity. At the given total density,
the unshaded regions indicate the intervals of ǫt in which the developed theory is valid
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Figure 2. Top panels: the dependence of the condensate density n0 on the parameter
ǫt: (a) the dominance of the heavy atomic component, n1 < n2; (b) the dominance of
the light atomic component, n2 < n1. Lower panels: Extracting the intervals of ǫt in
which the perturbative approach is valid (in accordance with Eqs. (63) and (67)-(69)):
(a) the dominance of the heavy atomic component, n1 < n2; (b) the dominance of the
light atomic component, n2 < n1. The corresponding unshaded regions specify the
lower and upper values of the condensate density.
and specifies the lower and upper values of the condensate density n0. For the above
value of n, ǫt varies from 0 erg to 0.07 · 10−22 erg and from 0.14 · 10−22 erg to 1.05 · 10−22
erg. In these intervals of energy, the condensate density changes from 6.48 · 1012 cm−3
to 6.46 · 1012 cm−3 and from 6.42 · 1012 cm−3 to 5.2 · 1012 cm−3. As for the shaded
regions, they indicate the intervals of ǫt, where the developed theory is not valid and,
consequently, we cannot say if there is a condensate in the corresponding interval of
energies. When plotting the curves, we assume (see also Fig. 2), for simplicity, that all
the internal energies are of the same order of magnitude, |ε1| ∼ |ε2| ∼ |ε| ∼ |ǫt|.
Asymmetric case. Consider now a more realistic situation from the experimental
point of view, when the densities of fermionic atoms do not coincide, n1 6= n2. To
analyze it, we need to use the more general Eq. (73) and Eqs. (63), (67), (68) for the
ground state energy density. Moreover, two distinct cases are possible: (a) the heavy
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fermions with masses m2 dominate over the light atoms with masses m1, so that n2 > n1
and (b) the density of light fermionic atoms higher than the density of heavy fermions,
n1 > n2.
We start from the case (a) and take the densities equal to n1 = 6.6 · 1012 cm−3 and
n2 = 7.2 · 1012 cm−3 (the dominance of heavy atoms is of the order of 10%). Then the
results of numerical analysis are presented in the left two panels of Fig. 2. The solid line
in the top panel demonstrates the condensate density as a function of ǫt. The meaning
of the dotted line is explained below. The lower left panel shows the dependencies of
log
∣∣∣E (0)0 /E (2)0 ∣∣∣) and log ∣∣∣E (2)0 /E (4)0 ∣∣∣ on ǫt, which allow one to extract, absolutely in the
same manner as described in Fig. 1, the interval of ǫt in which the developed perturbative
approach is valid. The unshaded region corresponding to this interval specifies the upper
and lower values of the condensate density, 5.76 · 1012 cm−3. n0 . 6.48 · 1012 cm−3. If
the density of heavy atoms increases at the fixed density of light atoms, then the region
becomes more narrow.
Two right panels of Fig. 2 describe the opposite case (b). The densities are taken
to be n1 = 6.6 · 1012 cm−3 and n2 = 6.0 · 1012 cm−3 so that the dominance of light
fermionic atoms over the heavy atoms also makes up 10%. In this case, the dependence
of the condensate density n0 on ǫt is shown on the top right panel. A similar analysis,
as has been done above, enables us to conclude that there exist two intervals of ǫt which
define the boundaries of the developed theory. As in Fig. 1, the unshaded regions,
corresponding to these intervals, specify the possible values of the condensate density.
In the left domain, n0 varies from 6.48 · 1012 cm−3 to 5.76 · 1012 cm−3 and in the right,
from 5.73 · 1012 cm−3 to 4.63 · 1012 cm−3. In these regions ǫt changes in the intervals
0.05 · 10−22 erg . ǫt . 0.7 · 10−22 erg and 0.72 · 10−22 erg . ǫt . 1.33 · 10−22 erg,
respectively. The shaded regions show the interval of energies in which the perturbative
approach becomes inapplicable.
To compare both cases (a) and (b), we plot the dotted lines in each top panel of Fig.
2. These lines correspond to the symmetric case, when n1 = n2 = 6.6 · 1012 cm−3 (see
Fig. 1). Therefore, Fig. 2(a) shows that the dominance of the heavy atomic component
over the light component (n1 < n2) increases the condensate fraction of heteronuclear
bound states, while the large values of εt suppress the condensate. As shown in Fig.
2(b), the dominance of the light atomic component (n2 < n1) may result in increasing
or decreasing the condensate density n0 depending on the values of ǫt.
Finally, it is worth noting that the characteristic values of the physical parameters
presented above are such that the following inequality is satisfied:
gn0 ≪ ǫt.
This shows that the interaction should be weak enough to ensure the existence of the
’stable’ bound states. The decay processes can be studied on the basis of consistent
derivation of kinetic equation for bound states of particles (see, e.g., [47]).
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5. Conclusion
We proposed a microscopic approach for studying a many-body system of interacting
fermionic atoms of two species that are in thermodynamic equilibrium with their
condensed Fermi-Fermi heteronuclear bound states. Both this approach and the
formulated problem itself dealing with Bose-Einstein condensation of heteronuclear
bound states formed in a Fermi gas of two atomic species seem to be novel. A starting
point for its solution is the microscopic Hamiltonian [31] in which the interactions
of bound states with themselves and with fermionic atoms are expressed through
the interaction amplitudes of unbound fermions. This fact allows one to apply the
Bogoliubov approach if the components of the system weakly interact. The applicability
condition for the second quantized Hamiltonian and approximate second quantization
method itself is the smallness of the average kinetic energy (or temperature) compared
to the energies, which specify the spectrum of the bound states. We have found the
single-particle excitation spectrum in the framework of modified Bogoliubov’s approach
applied to the mentioned Hamiltonian. Outwardly, it looks like the well-known spectrum
for a weakly interacting Bose gas with a condensate. However, its specific feature is that
the condensate density of the bound states in the spectrum is expressed through the
total densities of fermionic atoms of both species. The ground state energy of the
system as well as the equation for the condensate density at zero temperature were also
obtained. The latter enables one to study any two-component Fermi mixture coexisting
in equilibrium with heteronuclear bound states formed from the same fermions. To
be specific and to analyze the equation numerically, we have considered a mixture of
fermionic 6Li and 173Yb atoms. The simultaneous quantum degeneracy in this mixture
was realized experimentally in [18], where the authors claimed that this mixture provides
a good basis for the creation of ultracold heteronuclear molecules. Our analysis shows,
in particular, that by changing the ratio between the densities of light and heavy atoms
it is possible to achieve both increasing and decreasing condensate density. We analyzed
the applicability conditions for the developed theory, which allow one to estimate the
lower and upper values for the condensate density at the fixed total densities of fermionic
atoms. The obtained results could be useful in efforts to discover experimentally the
condensation of heteronuclear molecules formed in a mixture of two-species Fermi gas.
The following problems seem to be interesting here: to examine the role of
temperature effects on the density of condensed bound states and to investigate, on
the basis of the used Hamiltonian, the coexistence of molecular condensate with a
superfluid Fermi gas [48]. As for the first problem, the simplest way to solve it is
to take into account the temperature terms in Eqs. (59)-(61) if both components of a
Fermi gas are degenerate. However, more exotic situations may also be realized when
both components of a Fermi gas are non-degenerate or only one of them is degenerate.
These problems form the current research work of the authors.
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